Abstract: Alpha stable noise, determined by four parameters, has been found in the random error of a laser gyroscope. Accurate estimation of the four parameters is the key process for analyzing the properties of alpha stable noise. Three widely used estimation methods-quantile, empirical characteristic function (ECF) and logarithmic moment method-are analyzed in contrast with Monte Carlo simulation in this paper. The estimation accuracy and the application conditions of all methods, as well as the causes of poor estimation accuracy, are illustrated. Finally, the highest precision method, ECF, is applied to 27 groups of experimental data to estimate the parameters of alpha stable noise in a laser gyroscope's random error. The cumulative probability density curve of the experimental data fitted by an alpha stable distribution is better than that by a Gaussian distribution, which verifies the existence of alpha stable noise in a laser gyroscope's random error.
Introduction
Despite a strong theoretical background and wide applications, Gaussian noise is inappropriate for modeling noise with an impulsive nature, which could be shown in the form of significant data mutation. In real circumstances, there are noises with a strong impulsive nature which the Gaussian model fails to describe, such as atmospheric noise caused by lighting, picture noise, radar noise and so on. These noises possess a common feature, namely their impulsive nature, which means that both the frequency and the magnitude of their data mutation are higher than what Gaussian noise describes. Another mathematical model has to be applied to such noise for better modeling. Alpha stable noise is impulsive in nature and has a heavy tail. It follows the alpha stable distribution and satisfies the Generalized Central Limit Theorem [1, 2] . Alpha stable distribution is widely used to analyze and model signals for many reasons. Firstly, there exist many non-Gaussian signals with an impulsive nature and heavy tail in real life, including underwater signals, atmospheric environment signals, telephone line noise and some mobile communication signals [3] [4] [5] [6] [7] ; secondly, alpha stable distribution has stable properties; thirdly, the Central Limit Theorem is popularized in cases where the second moment does not exist; and finally, there have been many successful applications in various areas [8] [9] [10] [11] [12] , such as economics, physics, astronomy, biology, electrical engineering and so on.
As laser ring gyroscopes measure the angular rate through two beams of coherent lasers in a closed ring (light path) which is filled with mixed gases (generally helium and neon), data mutation for a laser ring gyroscope is much more severe than the Gaussian model describes. Therefore, alpha stable noise has been studied and found in a laser gyroscope's random error based on experimental data with an impulsive nature and heavy tail. The alpha stable noise is determined by four parameters, so the accurate estimation of the parameters is the key to analyzing the signal. In this paper, three widely used estimation methods are analyzed in contrast with Monte Carlo simulation, and then the method with highest precision is used to estimate the parameters of alpha stable noise in a laser gyroscope's random error based on experiment data. Note that the term "laser gyroscope's random error" here is defined as the measurement error of the laser gyroscope. The cumulative probability density of experiment data of the laser gyroscope's random error is fitted by alpha stable distribution with the estimated parameters, and the results show yet more evidence of the existence of alpha stable noise in the laser gyroscope's random error.
The paper is organized as follows. In Section 2, the basic theory of alpha stable noise is briefly introduced. In Section 3, the widely used estimation methods, namely quantiles, empirical characteristic function and the logarithmic moment method are introduced in detail. In Section 4, the three methods are analyzed in contrast with Monte Carlo simulation. The method with the highest precision is applied to the experiment data to estimate the parameters of the alpha stable noise in the laser gyroscope's random error. The existence of alpha stable noise in the laser gyroscope's random error is verified in Section 5, and the conclusion is provided in Section 6.
Experimental Section Alpha Stable Noise
Alpha stable noise, also called Lévy noise, was put forward by Lévy when he studied the Generalized Central Limit Theorem. Compared with Gaussian distribution, alpha stable distribution is better when applied to describe non-Gaussian signals with impulsive properties and a heavy tail, because alpha stable distribution fits these properties better than Gaussian distribution. There is no closed-form expression for the probability density of alpha stable noise, so it can only be described by its characteristic function, which can be expressed as follows:
where α ( 0 2 < α ≤ ) is the characteristic exponent and the most important parameter characterizing alpha stable noise. The smaller the value of α is, the more severe the heavy tail of the distribution is, as is its impulsive nature. The parameter β is the symmetric parameter ( 1 1 − ≤ β ≤ ). In the case of 0 β = , the distribution is called a symmetric alpha stable ( S S α ) distribution. The parameters μ and γ are the location parameter ( −∞ < μ < ∞ ) and the scale parameter ( 0 γ > ), respectively. Therefore, a random variable X yielding an alpha stable distribution can be denoted as ~( , , )
X S α β γ μ . When 2 α = , the alpha stable distribution becomes a Gaussian distribution with mean μ and variance 2 2 2 σ = γ . In the cases of 1, 0 α = β = and 1/ 2, 1 α = β = , the alpha stable distribution becomes a Cauchy distribution and a Lévy distribution respectively. Since alpha stable noise is determined by , , , α β γ μ , accurate estimation of the four parameters is essential to the analysis of alpha stable noise.
Parameter Estimation Methods of Alpha Stable Noise
The quantiles method, empirical characteristic function method and logarithmic moment method are three widely used methods of parameter estimation for alpha stable noise in engineering. They are introduced in detail and analyzed in contrast with Monte Carlo simulation in this section.
Quantiles Method
The quantiles method, which was put forward by Famma and Roll [13] and popularized by McCulloh in 1986 [14] , can be used to estimate the characteristic exponent and scale parameter of a symmetric alpha stable distribution. The quantiles method could be applied to estimate the four parameters of alpha stable noise.
The characteristic exponent α and symmetric parameter β are consistently estimated according to Equation 
where 3( , ) φ α β is the two-value function of α and β , which can be found in Table V detailed in reference [14] . With the linear interpolation method, the consistent estimation of γ can be obtained. In order to estimate the location parameter μ , a new parameter ξ is introduced:
The estimation of ξ is achieved by Equation (6):
where 5( , ) φ α β is the two-value function of α andβ , which can be obtained by linear interpolation according to Table VII in reference [14] . Then the location parameter μ can be estimated according to Equation (7) based on calculated ξ .
Empirical Characteristic Function Method
Based on the law of large numbers, the sample characteristic function ˆ( ) t ϕ , which is the consistent estimation of Equation (1), can be calculated as follows:
is the sample of a random variable with independent and identical distribution and n is the number of samples. The equivalent expression of Equation (1) is as follows:
Equation (10) can be easily achieved based on Equation (9):
According to the real and imaginary parts of ( ) t ϕ shown by Equation (9) in the condition of 1 α ≠ , Equation (11) can be obtained:
The characteristic exponent α and the scale parameter γ can be obtained by linear regression estimation based on Equation (12): , 1 ,2, ,
where 2 log( log( ( )) )
, k ε is the random error, and K of the real data sets / 25
can be accessed according to the Table I in reference [15] .
With the estimated α and γ , the symmetric parameter β and location parameter u can be obtained by linear regression estimation based on Equation (13):
where
η is the random error, and L of the real data sets / 50 Table II in reference [16] . The detailed process of ECF method is shown in Figure 1 . Figure 1 . Calculation process of ECF method.
Logarithmic Moment Method
The statistical moments of alpha stable distribution are finite only in the case of p < α . The fractional lower order moment method and logarithmic moment method were put forward in [17] and they are applicable for symmetric alpha stable distribution. The methods were then expanded by Kuruolu [18] to be suitable for any alpha stable distribution. The advantage of the logarithmic moment method over the fractional lower order moment method is that the logarithmic moment method avoids the difficulty in solving function sinc and selecting the value of p.
The introduction of the negative order moments makes it possible to calculate any order derivative
which is continuous at p = 0, and the moment generation function is defined as follows:
Assume ~( , , 0) X S α β γ , then:
where 0 0.57721566 ϕ = − , 2 1 / 6 ϕ = π , 2 1.2020569 ϕ = , and
2 L is often used to obtain the parameter α by applying centro-symmetrization [18] to the obverted data, since the moments of higher order tend to be more noisy. Therefore α can be estimated by:
Based on the estimated α and the obverted data by centering, Equation (20) can be derived:
Then, 0 | | β can be estimated according to Equation (18) . Note that if centering is applied, it is necessary to transform 0 | | β by multiplying (2 2 ) / (2 2 ) α α + − to obtain | | β and the sign of β is determined by Equation (21):
where max min , , md X X X are the maximum, median and minimum of original data respectively. Estimate 1 L for the centered data and the scale parameter 0 γ is obtained by Equation (22) with estimated α and β :
To get the scale parameter γ of original data, 0 γ has to be transformed into 0 γ by dividing 
where 0 μ is the median of the obverted data with 0 β = by applying the unbiased process [2] .
Method Comparison
To compare the estimation accuracy of the three methods above, they are applied to the data featured with an alpha stable distribution whose parameters are known. The data is generated by the CMS method introduced in reference [19] . The values of the four parameters that describe alpha stable noise are the means of 1000 estimations through Monte Carlo simulation.
Random variable ~(0.5,1.5, 0) X S α is generated with the CMS method. The number of each simulation sample is 10,000, and the parameter α increases from 0.2 to 2 with the step of 0.2. The three methods mentioned in previous contents are applied to the simulation data to compare the estimation accuracy of α . The mean and mean square error (MSE) of estimated α are shown in Figures 2 and 3 . In order to analyze the estimation accuracy of β , the three methods are applied to estimate the parameters of simulation data 1.8 ( ,1.5,0) X S β whose value of β increases from −1 to 1 with a step of 0.2. The results are depicted in Figures 4 and 5 . From Figures 4 and 5 , it is clear that the ECF method has the highest estimation accuracy and the greatest stability for β . Although the mean of β estimated by the logarithmic moment method is close to the true value, the shape of estimation MSE curve is like a bell ( Figure 5 ) and the maximum is reached at 0 β = , which clearly indicates the instability of the logarithmic moment method. Figures 6 and 7 show that the quantile method and ECF method have better estimation accuracy for γ than the logarithmic moment method, whose estimation mean diverges greatly, and the estimation MSE shows that the divergence starts from 1.2 γ =
. As for the estimation accuracy of μ , it is easily found in Figure 8 that the means of μ estimated by the three methods are all very close to the true value, while the estimation MSEs of the quantile method and ECF method are much smaller than that of the logarithmic moment method, as shown in Figure 9 .
To sum up, the quantile method, which has little calculation and high estimation accuracy for the scale parameter and location parameter, is suitable for estimating parameters of alpha stable noise whose characteristic exponent α satisfies 0. . The reason is that, with centro-symmetrization being applied, the number of valid samples decreases to only half of the original number. The estimations of symmetric parameter β and scale parameter γ diverge from true values too, because the number of valid samples decreases to 1/2 and 1/3 of the original number, respectively. Moreover, the estimation error of α will degrade the accuracy of the other three parameters according to Equations (20)-(23). By comparative analysis, the ECF method has the best estimation accuracy for all four parameters of alpha stable noise, along with best stability and without any limitations, followed successively by the quantile method and the logarithmic moment method.
Parameter Estimation of Alpha Stable Noise in a Laser Gyroscope's Random Error
To verify the existence of alpha stable noise in a laser gyroscope's random error in solid, it is necessary to analyze experimental data. We estimate the parameters of alpha stable noise in a laser gyroscope's random error based on experimental data and then plot the cumulative probability density curve of the experiment data with the estimated parameters. Based on the comparisons above, the empirical characteristic function method (ECF) is applied to the 27 groups of experimental data for laser gyroscopes.
The experimental data was obtained from G-380, an inertial navigation system (INS) based on laser gyroscopes and produced by Sanetel, as shown in Figure 10 . The basic principle of this selected laser ring gyroscope is the Sagnac Effect. A laser source produces two beams of coherent lasers which transfer in opposite directions in a closed ring (light path). The closed ring is a triangle and filled with mixed gases. When the gyroscope is static, the time that the lasers take to traverse the ring in the two directions is the same. However, when the gyroscope rotates, the time that the lasers take to traverse the ring in the two directions is different according to the Sagnac Effect. This time difference introduces a tiny separation between the frequencies of the two opposite-transferring lasers and the angular rate can be measured based on the difference in the frequencies. The specifications of the INS and its gyroscopes provided by the manufacturer are shown in Table 1 . In all 27 experiments, the INS was fixed and static on a platform in a laboratory at Beihang University, with the temperature ranging from 20° to 25° centigrade. The sample rate was 1000 Hz and each experiment lasted at least 1 h. The experimental data was used for parameter estimation of alpha stable noise to verify the existence of alpha stable noise in laser ring gyroscopes. Moreover, the complementary cumulative distribution function (CCDF), which could show the cumulative probability density of the experimental data, was calculated and plotted to compare with that of alpha stable noise and Gaussian noise. The parameter estimation results are listed in Table 2 . It can be found that the value of alpha is between 1.88 and 1.98, with a mean of 1.95 (smaller than 2), which demonstrates that it is the alpha stable noise that exists in laser gyroscope's random error, rather than the Gaussian noise. The standard deviations (STD) of all estimations show that the means of the estimated parameters are within a small range of error, especially the parameter alpha. On the basis of parameter estimation of alpha stable noise, the complementary cumulative distribution function (CCDF) was calculated. CCDF is the complement of the cumulative distribution function (CDF), namely CCDF = 1 − CDF. Therefore, CCDF could also describe the cumulative probability density of a random variable as CDF does. The CDF of a random variable X evaluated at point a is defined as the probability that X will take on values that is no larger than a. It is represented, in a plot, by the area under the probability distribution function (PDF) to the left of a. The CCDF of the experimental data was calculated, as were the CCDFs of Gaussian noise and alpha stable noise based on the estimated parameters previously mentioned. The three CCDFs are compared to further prove that alpha stable noise does exist in laser ring gyroscopes.
As all groups of data show a similar result and draw the same conclusion, but only the 12th experiment is detailed and plotted as an example. Figure 11 simultaneously depicts the CCDFs of the 12th group experiment data fitted by Gaussian distribution and alpha stable distribution. The real CCDF of experimental data is also shown as the reference. The CCDFs are plotted in log-log. The X axis represents the log of the random error log(X), while the Y axis represents the log of CCDF log(1 − F(X)). When log(X) > 2 × 10
, the CCDF of Gaussian distribution separates with the real CCDF, ending at log(X) = 4 × 10
. However, the CCDF of alpha stable distribution follows the real CCDF till log(X) = 7 × 10 −6
. For a random variable with heavy tail behavior, when the random variable is large, its CCDF is much greater than that of a random variable without heavy tail behavior, such as Gaussian distribution. Therefore, the result clearly demonstrates that alpha stable distribution fits the reality better, and it is more applicable to be used to describe the heavy tail behavior of a laser gyroscope's random error than Gaussian distribution. This result further verifies the existence of alpha stable noise in a laser gyroscope's random error.
Although a better noise model of the alpha stable noise model is established and proved for laser gyroscope's random error in this paper, effective measures and methods to eliminate or reduce the alpha stable noise are not detailed here, because alpha stable noise is still a random noise which could be effectively suppressed by traditional low-pass filter technology. Such technology is not anything new, so we do not discuss in detail it in this paper. Figure 11 . The CCDF fitting curve of the 12th group experiment data.
Conclusions
The quantile method, empirical characteristic function method and logarithmic moment method are the most widely used methods to estimate parameters of alpha stable noise. They are comparatively analyzed through theoretical analysis and Monte Carlo simulation in this paper, and the results illustrate that the ECF has the highest estimation accuracy and stability, followed successively by quantile method and the logarithmic moment method. The parameters of alpha stable noise in real data of laser gyroscopes are estimated using the ECF method, and the mean of parameter alpha is 1.96, proving that alpha stable noise exists in a laser gyroscope's random error. Furthermore, the complementary cumulative distribution function (CCDF) of the experiment data is calculated. The CCDF of alpha stable distribution based on the estimated parameters fits the real CCDF better than that of Gaussian distribution, especially for the heavy tail behavior. This result further verifies the existence of alpha stable noise in a laser gyroscope's random error.
